
Module 3: Probability and Statistics

Week 11 Tutorial

Confidence interval
in the mean



Key goals for the class

1. How do we predict the probabilities of outcomes 
for a normal distribution, and why is this 
distribution so important?

2. How do we determine the confidence interval of an 
estimate of the population mean?



Normal or Gaussian distribution
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• The Gaussian (or “normal”) probability 
distribution for a variable 𝑥, with mean 
𝜇 and standard deviation 𝜎 is:

Why is this such an important 
probability distribu3on?



Normal or Gaussian distribution

• Why is this such an ubiquitous and important probability 
distribution?

• It is the high-𝑵 limit for the Binomial and Poisson 
distributions

• The central limit theorem says that if we average together 
variables drawn many times from any probability 
distribution, the resulting average will follow a Gaussian!
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• The Gaussian (or “normal”) probability 
distribution for a variable 𝑥, with mean 
𝜇 and standard deviation 𝜎 is:



Reading the normal distribution table

This row from 𝑥 = 0 to 𝑥 = 0.09
This row from 𝑥 = 0.1 to 𝑥 = 0.19

The table gives the one-sided 
probability 𝑃 integra7ng a unit normal 
distribu7on from −∞ to 𝑥

To get the two-sided probability 𝐶
(with tails on both sides), we need to 
find 𝑃 = (1 + 𝐶)/2, e.g. 𝐶 = 0.9
maps to 𝑃 = 0.95

It’s just a single string of values 
wrapped into a table!

Example: for 95% confidence we are 
looking for 𝑃 = 0.975, hence 𝑥 = 1.96



Tutorial question

Try Q1 on the tutorial sheet (normal distribution).

Note: the normal distribution is written 𝑁(𝜇, 𝜎)) so 𝜇 =
110 and 𝜎 = 3 for this case



Confidence regions for inference

In statistical inference, we estimate the properties of the 
underlying population from a sample.

We present our results as a confidence region, which 
gives a probability the value lies in a range
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Parameter value

Range of values containing probability 𝐶
(for example, 𝐶 = 0.95 for 95%)

We’ll focus on the question: 
what confidence region can we 
place on the population mean, 
based on a sample?



Confidence regions for inference

Central limit theorem: if we draw many samples of size 𝑁 from a 
population of mean 𝜇 and std.dev. 𝜎, the sample mean follows a 
normal distribution with mean 𝜇 and std.dev. 𝜎/ 𝑁

(Exact if the population is normal-distributed, true for large 𝑁 if not.)

For large 𝑁, the sample 
means are normally-
distributed for any type 
of population 
distribution – amazing!



Confidence regions for inference

Recipe for the confidence interval in the mean:

• Measure the sample mean, 𝑥̅

• If the standard deviaFon 𝜎 is known, the confidence range is:

• If the s.d. 𝑠 is es<mated from the data, the confidence range is:

Confidence 𝐶 Confidence range

90% 𝑥̅ ± 1.65 𝜎/ 𝑁
95% 𝑥̅ ± 1.96 𝜎/ 𝑁
99% 𝑥̅ ± 2.58 𝜎/ 𝑁

These values come from the 
normal distribution function 
table by finding the 𝑥 value 
which maps to 𝑃 = (1 + 𝐶)/2

𝑥̅ ± 𝑡9:;,=
𝑠
𝑁

This is the 𝑡-distribution critical 
value with degrees of freedom 
𝑁 − 1 and confidence level 𝐶



Reading the 𝑡-distribution table
Degrees of freedom 
(= 𝑁 − 1 for 
estimate of mean)

2-tailed confidence level

Example: for 98%
confidence for a 
sample of 𝑁 = 15



Tutorial ques<on

Try Q2 on the tutorial sheet (confidence interval for the 
mean when the standard deviation is known).



Tutorial question

Try Q3 on the tutorial sheet (confidence interval for the 
mean when the standard deviation is unknown).



Tutorial question

Try Q4 on the tutorial sheet (if time).



That’s all for today!


