Quantum Mechanics Week 3: Class Activities solutions

Q1) In the region |x| < L the potential is V(x) = 0 and the Schrodinger equation takes
the form:

h? d*y
—————=EY
2m dx?
Trying the solution Y = A cos kx we find:
hz
——-—k?Acoskx =E - Acoskx
2m

which is hence a solution with k? = 2mE /h?.

Q2) In the region |x| > L the potential is V(x) = V, and the Schrédinger equation takes
the form:

Trying the solution 1) = Be*™* we find:

2

o I?Be*™ + V- Be*™* = E - Be*!™™

which is hence a solution with [? = 2m(V, — E)/h?.

Q3) The continuity of ¥(x) at x = L implies:
AcoskL = Be !

where we have taken the decaying form of the exponential solution to ensure i — 0 as
x — oo, such that the wavefunction can be normalised. We note that the continuity of
P(x) at x = —L results in the same equation.

The continuity of% atx = L implies:
—kAsinkL = —IlBe™ 't
Again, the continuity of % at x = —L results in the same equation.

Dividing these two equations we find:

l
tan kL = %

Now using the expressions for k and [ from above:

2mEL>2 Vo
tan 2 = E_l




Q4) The wavefunction corresponding to the lowest energy state will consist of a cosine
solution in the central region with the longest possible wavelength, and decaying
exponentials on either side (image credit from http://hyperphysics.phy-
astr.gsu.edu/hbase/quantum/pfbox.html):
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Q5) The continuity of ¥(x) at x = 0 implies:
LIJI(O, t) + lPR (O, t) == l'IJB (O, t)
- g lwt + Re~iwt — (A + B) e lwt
-1+R=A+8B [Eq.1]
The continuity of ¥(x) at x = L implies:
Wp(x, t) = Pr(x,t)
- (AekL + Be—kL) e—ia)t — Tei(kL—cut)
- Tekl = Ae*l 4+ Be™*L [Eq.2]

where we have used | = k. The continuity of% at x = 0 implies:

a¥,(0,t) N d¥g(0,t) 0¥(0,0)
ox ax  ox ,
- ke "t — jk Re™@t = (kA — kB) e™'t
- (1—-R)i=A-B [Eq. 3]

The continuity of% at x = L implies:

0¥5(0,t) 0¥ (0,0)
0x B 0x
- l(AekL _ Be—kL) e—iwt — ikTei(kL—wt)
- [ Tekl = AekL — BekL [Eq. 4]

Q6) We can now find the unknown coefficients from Eq.1-4. First we consider:
[Eq.2] + [Eq.4] » (1 + i) Te'kt = 24e*: [Eq.5]
[Eq.2] — [Eq.4] » (1 — i) Tekt = 2Be =kt [Eq. 6]

Dividing [Eq.5] by [Eq.6] gives:



B (1-i
A <1 + i) et [Eq.7]

Re-arranging [Eq.5] gives:
2 ekL e—ikL

r_ Eq.8
A 1+ [Eq.8]

Now we determine A using the other 2 equations:
[Eq.1] — [Eq.3] xi—»2=(1-DA+ (1 +i)B
>2= (1—i)A+(1+i)<:) e2kL 4
1+
- 2=A1 -1+ e?kt)
2
- A=

(1 —)(1 + e?kE)
Now we find T using [Eq.8]:
2 ekL e—ikL 2 2 e—ikL
T = . =
1+ (1 =01 +e?kL) ekl 4 e=kL

which leads to:

2 _
ITI - (ekL + e—kL)Z



