Maanetohydrodynamics Basies

or "MHD in one lecture?! Mou've qotta re kidding!"

Paul Cally, Centre for Stellar < Planetary
Astrophysics, Monash University

« MHD

C Quations

e Physical Interpretation
« MHD \Waves
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« M\HD = fluid dynamics + Maxwell's eans -
displacement current + Ohm's "Law”
[j=o(E+v™AB) or generalization]

» Applies to (at least partially) ioNized gases
(plasmas)

« Nlonrelativistic

¢ Assumes highly collisional, low frequency
(c.£. cyclotron frecuency)
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MHD Approximation

T

e Then Ampere's Law simplifies:

VXB=HJ+%
C

The electric field E plays N0 independent

role in MHD: it is entirely der‘iva?om

v and B:
\V'9;

E=—vXB+L=—yxB+
o yo
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MHD Equations

e, 0p ¥
. COh’t‘r\urty E_I_V (pv)=0 Lorentz force

i il

e Momentum i VY p+p g+ jXB+viscous terms

where j = u'V¥B = current density, u=Ha¥O™ (S| units)

¢ Eneray (Mmany different £orms)

pT % =viscous heating + Joule heating - radiative losses - conductive losses+...

o INductioN (o=clectrical conductivity, n=maanetic gifffusivity)

0B
Ot
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~——=VX(vXB)+nV°’B with V:-B=0 and n=1l/uc
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Maanetic R.eynolds Numeer

| . 0B
f © Induction ean:  F,=Vx(xB)+nV'B

L N —
advective diffusive

e R atio of advective to diffusive terms:

_ri
n

R

m

- the Maagnetic Reynolds Numeer
- V=typical velocity, L=typical lenathscale
- QM>> | = dominated By advection /

=2 QM<< | = dominated By diffusion
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ldeal MAHD E.quations

o Corxtinuity

Dv : .
pE:—Vp-Fpg-l-]XB-FVtSGGﬁS—fefmS

E neray (many different forms)

., Dp_ 2Dp (
RENry Dt

¢ Induction

%—f:Vx(vXB)JrﬁV—Bz with V-B=0
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Albvén's Theorem: flux freezina ||

That Is: two fluid elements oriainadlly connected By a field ],

line are always sO connected

So what?
> £ the field is very strona (B<<D, plasma is

constrained to flow along tt; /
> £ the field is wesak (f>>D), It Is adlected

with the plasma.
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Lorentz Force jMB

jXB %(VXB)XB

e S’tress magnetic stress tensor

- tension alona field lines B*/u
- IsOtropic pressure p = B%/2 u /

Dv 1 :
pD—tz—V(p+pmag)+pg—l—EB-VB+ﬂseeﬁs—teﬂﬁs
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Example |

i A

« What do you

expect this to do?

B=(0,e " ,0)
= j=(0,0,2xez_x)/u

= jXB=(2xe ,0,0)/u
O

B-VB=0 and VBZ/ZUZ(—2X6_2XZ,O,O)/;J
= jXB=B-VB/u— VB /2u=(2xe ™ ,0,0)/u

e Pressure pushing
away from hich 5.
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Example 2L

e And this?
|
= j=(0,0,—2)/u
= jXB=(2,—4y,0)/u
3 i \\\\\\

B-V B=(2,0,0)
V B5°=(0,8y,0)

2
So ~B-VB- Viz(g,o,o)—(o,“—y,o)
U 2pu \H u

e "Slinashot effect” to the right! /
important In flares and CME
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Plasma reta
l + A simple measure Of the relative
| IMmportance of the gas and maanetic

foreces p= P gas
p mag

o |[£ f>> | the gas dominates (ea. stellar
interiors)

o |[£ B <<[the maanetic field dominates (ea.
stellar coronae) /

o [£ B~ [ then get complicated interaction
of field = fluid (e.a. sunspots)
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MHD Waves

e All waves result from a restorina forece

e Sound waves are produced By cOMmpression |

(@as pressure Is restorina foree)

e Magneto-acoustic waves derive £romm @as
< magnetic pressure, and magnetic
tension

« Alfvén waves produced By maanetic
tension only.
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MHD Waves: Linear Theory

Assume uniform medium, No caravrty,

Set v=V explilkr-wt)] and simila

ete, sO V=ik and d/ot=—iw, tO C-ae/

w2V=c2k<k-V)+u1p (VX (VX(VXB,))XB,
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Basic \Waves: R_evision

e Circaular Freauency o
(radians per second)

e Freqauency v=w/2n
measured in Hz.

e Period (seconds) =
1/v=2m/w
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e \Wave vector k specifies
the direction 1 to
wavebronts

« Wavelenath A=2m/k|
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Careful ...

Three velocities, all (generally) different:

* Plasma velocity v

- motion of the plaswva Itself

« Phase velocity vphz%l}

- veloceity of the wave pattern

_ow
o ok

- veloeirty of eneray propagation

o Group veloeoity v
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Sound Wave

. Set BO =S .y

e Dot rROth sides with k to et dispersion
relation AR
=", &

w

e Phase speed = ("pattern' speed)

. dw 4
« Group velocity a—(}?—ck (eneray
Propaagation speed < direction)

e« Note: V Il k, ie., wave [onaGitudinal
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Albvén \Wave

* Driven purely By maanetic tension

B . Incompressive. ie. Vwv=0. ie. kv=0, ie.
transverse (like guitar string)

L (VX(VX(VXB,))XB,
H P

k-B.)
i.e. w2V2=( 0 Ve
HPo

e Then V=4 +

1.e wzzazkﬁ /
where a"=B*/up defines the Alfvdn speed a |

» Note:B _v=0,ie v L topoth B_ and k
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Albvén \Wave

0w

N « Phase speed o —tacosd where 6 Is the

anGle retween B and k

i =& for parallel propaaation, O for

perpendicular!

. 0 >
« Group velocirty 5, teB,

- l.e. eneray travels directly slong ﬁe%s at
speed a

e Orvious! H's a tension driven wave.
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Maagnetoacoustic \Waves

e Both pressures and magnetic tension
WV =k(k-V)+——(Vx(VX(VXB,))XB,

Po
=c’k(k-V)+
i“k-Bo)zV—(k-BO)(k-V)Bo—(k'Bo)(V'Bo)k+Bé(k'V)k]

» Dot with k and with B_
[wz—(az—l—cz)kzlk-V+a2k2k”V-EOZO

Ckk-V—w'V-By=0
E liminate kV to et MBGHQTOBQ%C
dispersion relation
w4—(a2—|—cz)kzwz—l—azczkzkﬁ:O
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Maagnetoacoustic \Waves
e Solve riQuadratic:
B
7

fast

("‘C"‘\/ ) —4a°c’cos’0
N\ _

slow

¢ TWO tyes Of wave: fast = slow

- NB: they involve Both a 5 ¢ /
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Fast = Slow: Phase Speed

e Phase speed depends on direction of k

a=c

Phase polar diaarams
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Fast = Slow: Phase Speed

e Phase speed depends on direction of k

e Fast wave is fastest perpendicular to field |
and slowest slona it (why?) [

- inrange (8™ 4+c™)* > Wk =max(a )

« Slow wave is fastest alona field lines

A

-inrange min(ae) = wk =0
o The Alfvén wave is "irtertvedi
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Fast &= Slow: Group Speed {

a/c=1.00622

a/c=1.8937

|
Group polar diaarams \
|
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Fast = Slow: Group Speed

CNeray travels fastest across field lines
for fast wave

¢ SIow wave eneray transport alona field
lines restricted to a cone arout B

- cone Gets tighter as a/c departs further
£from |.
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QRQ: How Many Wave Types?
i

| A: Three — Alfvén, fast, = slow (6™ order
dispersion relation).

e But what arout the sound wave?

- No! The sound wave is just a

maanetoacoustic wave (fast or slow
depending I£ c>a oOr a>¢) travelling dirgetly
along the field lines. Because it is
lonGitudinal, it does Nnot rend Or displace
themm, sO there Is N0 maanetic effect.
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Non-Ildeal Effects

e Maanetic reconrnection

- Solar corona (flares, CMEs)

* Massive source of enercay

E arth's maanetosphere (interaction with
solar wind)

o ... anOther day perhaps.
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